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CYCLIC GROUP ACTIONS AND EMBEDDED SPHERES IN
4-MANIFOLDS
M. J. D. HAMILTON
ABSTRACT. In this note we derive an upper bound on the number of 2-spheres
in the fixed point set of a smooth and homologically trivial cyclic group action
of prime order on a simply-connected 4-manifold. This improves the a priori
bound which is given by one half of the Euler characteristic of the 4-manifold.
The result also shows that in some cases the 4-manifold does not admit such
actions of a certain order at all or that any such action has to be pseudofree.
1. INTRODUCTION
Actions of finite groups, in particular cyclic groups Zp of prime order p, on
simply-connected 4-manifolds have been studied in numerous places in the liter-
ature. An interesting subclass are those actions which act trivially on homology.
In the topological setting, Edmonds has shown [9, Theorem 6.4] that every closed,
simply-connected, topological 4-manifold admits for every p > 3 a (non-trivial)
homologically trivial action which is locally linear. However, it is an open ques-
tion from the Kirby list if such actions exist in the smooth setting for 4-manifolds
like the K3 surface (it is known that there is no such action of Z2 [21, 25] on K3
and no such action of Zp which is holomorphic [6, 23] or symplectic [7]).
The actions in the theorem of Edmonds can be assumed to be pseudofree, i.e. the
fixed point set consists of isolated points. In general, if the action is homologically
trivial, the fixed point set will consist of isolated points and disjoint embedded 2-
spheres. We recall this fact in Proposition 2.3. If m is the number of points and n
the number of spheres, then m + 2n is equal to the Euler characteristic χ(M) of
the 4-manifold. This implies an a priori upper bound on the number of spheres:
n ≤
χ(M)
2
.
A natural question is whether all cases of possible values for n can occur. We will
show that this upper bound can indeed be improved, for example, by a factor of
roughly 1
2
if the 4-manifold M and the action are smooth, M is smoothly minimal
and the Seiberg-Witten invariants of M are non-vanishing. More precisely we will
show the following: We say that a 4-manifold M satisfies property (∗) if every
smoothly embedded 2-sphere in M that represents a non-zero rational homology
class has negative self-intersection. For example, a 4-manifold M with b+
2
(M) > 1
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and non-vanishing Seiberg-Witten invariants satisfies property (∗). Then we have
(cf. Corollary 4.1):
Corollary. Let the group Zp act homologically trivially and smoothly on a simply-
connected, smooth 4-manifold M that satisfies property (∗). Then
n ≤
pχ(M)− c21(M)
3(p − 1)
.
If in addition M is smoothly minimal, then
n ≤
pχ(M)− c21(M)
2(2p − 1)
.
Independently of c21(M) we have in these cases the bounds
n <
χ(M)
3
(
1 +
2
p− 1
)
and
n <
χ(M)
4
(
1 +
3
2p − 1
)
,
respectively.
The proof uses the G-signature theorem together with an estimate on the sig-
nature defects at the fixed points. Even though the proof is elementary, it seems
worthwhile to record this fact together with a number of corollaries, in particular
in the situation that the theorem implies n < 0 (no action possible) or 0 ≤ n < 1
(every action is pseudofree).
This result has applications especially for smooth, homologically trivial Z2-
and Z3-actions on general, smooth, simply-connected 4-manifolds as well as for
Zp-actions on possible examples of exotic smooth 4-manifolds homeomorphic to
S2×S2 or CP2#CP2. Three consequences of the main theorem are Corollary 5.5,
Corollary 5.7 and Corollary 6.2 that lead to implications in particular for smooth
involutions. The first corollary is related to a special case of the problem from the
Kirby list and implies that a simply-connected, non-spin 4-manifold with positive
signature that satisfies property (∗) does not admit homologically trivial, smooth
involutions. The same is true according to the second corollary if the signature
is equal to −1 and the manifold is in addition smoothly minimal. Both results
are a partial extension of a theorem of Ruberman for spin 4-manifolds to the non-
spin case and contrast a theorem of Edmonds, who has shown that every smooth,
simply-connected, non-spin 4-manifold admits a homologically trivial, locally lin-
ear involution. The third corollary implies that a homologically trivial, smooth
involution on a simply-connected 4-manifold that satisfies property (∗) and has
vanishing signature (this is by Ruberman’s theorem the case if the 4-manifold is
spin, for example) is necessarily pseudofree, i.e. the fixed point set consists of a
collection of isolated points.
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Convention. All 4-manifolds in the following will be closed, oriented and con-
nected and have b2(M) > 0. All spheres embedded in 4-manifolds will be 2-
dimensional. All group actions will be non-trivial and orientation-preserving.
Acknowledgements. I would like to thank Dieter Kotschick for helpful comments
regarding reference [15] and an anonymous referee for valuable suggestions to
improve the quality of the paper.
2. SPHERES IN THE FIXED POINT SET AND THE G-SIGNATURE THEOREM
Let M denote a simply-connected, topological 4-manifold with a locally linear
action of a cyclic group G = Zp, with p ≥ 2 a prime. The group action is generated
by a locally linear homeomorphism τ : M → M of order p, such that τ is not
equal to the identity. There is an induced action of G on H2(M ;Z) preserving the
intersection form. According to [11, 17] this action decomposes over the integers
into t copies of the trivial action of rank 1, c copies of the cyclotomic action of
rank p − 1 and r copies of the regular action of rank p, where t, c, r are certain
non-negative integers. As a consequence, the second Betti number of M is equal
to
b2(M) = t+ c(p − 1) + rp.
In particular we have:
Lemma 2.1. If p > b2(M) + 1, then G acts trivially on homology.
Let F denote the fixed point set of the locally linear homeomorphism τ . Since
G is of prime order, the set F is the fixed point set of every group element in G dif-
ferent from the identity. The fixed point set F is a closed topological submanifold
of M [5, p. 171]. The action is locally linear and hence given by an orthogonal
action in a neighbourhood of a fixed point. Since the action preserves orientation,
the fixed point set F has even codimension [26]. It consists of a disjoint union of
finitely many isolated points and finitely many closed surfaces. If p is odd, then
every surface in the fixed point set is orientable [5, p. 175].
The next lemma follows from [11, Proposition 2.5]:
Lemma 2.2. Suppose that the fixed point set F has more than one component.
Then every surface component of F represents a non-zero class in H2(M ;Zp).
If the action is not free, then according to [11, Proposition 2.4] the Zp-Betti
numbers of the fixed point F satisfy
b1(F ;Zp) = c
b0(F ;Zp) + b2(F ;Zp) = t+ 2.
Let χ(M) = b2(M)+2 denote the Euler characteristic of M . If G acts trivially on
homology, then χ(F ) = χ(M) by the Lefschetz fixed point theorem. Hence the
action is not free and we get:
Proposition 2.3. Suppose that G acts trivially on the homology of M . Then F con-
sists of a disjoint union of m isolated points and n spheres, with m+ 2n = χ(M).
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Since b2(M) > 0, after a choice of orientation, every sphere in F represents a
non-zero class in H2(M ;Z).
From now on we assume that the action of G is trivial on homology. We want to
improve the upper bound 1
2
χ(M) on the number n of spheres. We can use the G-
signature theorem [4], which is valid not only for smooth, but also for locally linear
actions in dimension 4, cf. [28] and a remark in [9, p. 164] (all our applications
will be for smooth actions). Let S1, . . . , Sn denote the spherical components of
the fixed point set F and P the set of isolated fixed points. Note that the signature
satisfies
sign(M/G) = sign(M),
since the action of G is trivial on homology. The G-signature theorem implies [13,
p. 14–17]:
(p− 1)sign(M) =
∑
x∈P
defx +
p2 − 1
3
n∑
i=1
[Si]
2.
Here [Si]2 denotes the self-intersection number of the sphere Si. The numbers defx
are equal, in Hirzebruch’s notation, to def(p; q, 1) for certain integers q coprime to
p and depending on x. We have
def(p; q, 1) = −
2
3
(q, p) = −4p
p−1∑
k=0
((
k
p
))((
qk
p
))
.
In this equation (q, p) denotes the Dedekind symbol, while ((·)) : R → R is a
certain function introduced by Rademacher and given by
((z)) = z − [z]−
1
2
, if z is not an integer
((z)) = 0, if z is an integer.
Here [z] denotes the greatest integer less than or equal to z. We want to prove the
following estimate:
Lemma 2.4. For all prime numbers p and integers q coprime to p we have
|def(p; q, 1)| ≤ |def(p; 1, 1)| =
1
3
(p− 1)(p − 2).
Proof. We have by Cauchy-Schwarz
∣∣∣∣∣
p−1∑
k=0
((
k
p
))((
qk
p
))∣∣∣∣∣ ≤
(
p−1∑
k=1
((
k
p
))2) 12
·
(
p−1∑
k=1
((
qk
p
))2) 12
=
p−1∑
k=1
((
k
p
))2
,
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because q generates Zp and ((0)) = 0. Since 0 < kp < 1 for all k = 1, . . . , p − 1
we have
p−1∑
k=1
((
k
p
))2
=
p−1∑
k=1
(
k
p
−
1
2
)2
=
p−1∑
k=1
(
k2
p2
−
k
p
+
1
4
)
=
1
6p2
(p− 1)p(2p − 1)−
1
2p
(p − 1)p+
p− 1
4
=
1
6p
(2p2 − 3p+ 1)−
1
2p
(p2 − p) +
p− 1
4
=
1
12p
(4p2 − 6p+ 2− 6p2 + 6p+ 3p2 − 3p)
=
1
12p
(p2 − 3p+ 2)
=
1
12p
(p− 1)(p − 2).
This implies the claim. The number def(p; 1, 1) has also been calculated in equa-
tion (28) in [13]. 
We can now prove the main theorem. We use the standard notation
c21(M) = 2χ(M) + 3sign(M)
for every 4-manifold M . We abbreviate the following conditions on the action and
the manifold by simply saying that ”Zp acts homologically trivially on a simply-
connected 4-manifold M”:
The group Zp, with p ≥ 2 prime, acts locally linearly and homolog-
ically trivially on a simply-connected, topological 4-manifold M .
We consider in the following only actions of this kind.
Theorem 2.5. Let Zp act homologically trivially on a simply-connected 4-manifold
M . Suppose that all spheres S in the fixed point set of the action satisfy an a priori
bound [S]2 ≤ s < 0 for some integer s. Then the number n of spheres in the fixed
point set satisfies the upper bound
n ≤
pχ(M)− c21(M)
p(2− s)− (4 + s)
.
For all possible values of c21(M) we have the bound
n <
χ(M)
2− s
(
1 +
6
p(2− s)− (4 + s)
)
.
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Proof. By Proposition 2.3 the number of isolated fixed points in F is χ(M) − 2n.
By the G-signature theorem and Lemma 2.4 we have
(p− 1)sign(M) ≤
1
3
(p − 1)(p − 2)(χ(M) − 2n) +
1
3
sn(p2 − 1).
This implies the first claim (note that the denominator is positive under our assump-
tion s < 0). The second claim follows from the estimate sign(M) > −χ(M),
which is true for all oriented 4-manifolds with b1(M) = 0. 
3. SMOOTHLY EMBEDDED SPHERES
Definition 3.1. We say that a smooth 4-manifold M satisfies property (∗) if the
following holds:
Every smoothly embedded sphere S in M that represents a non-
zero homology class [S] ∈ H2(M ;Q) has negative self-intersection
number.
We are interested under which conditions a 4-manifold M satisfies property (∗).
The following is clear:
Proposition 3.2. Let M be a smooth 4-manifold. Assume that b+
2
(M) = 0. Then
M satisfies property (∗).
The next theorem is well-known, cf. [15, Proposition 1]. The statement also
follows from the adjunction inequality [16, 12].
Proposition 3.3. Let M be a smooth 4-manifold. Assume that b+
2
(M) > 1 and
the Seiberg-Witten invariants of M do not vanish identically. Then M satisfies
property (∗).
We did not find in the literature a similarly general theorem in the case of 4-
manifolds M with b+
2
(M) = 1. To describe what we can show in this case, recall
that a rational surface is a smooth 4-manifold diffeomorphic to S2 × S2,CP2 or
CP2#nCP2 with n ≥ 1, while a ruled surface is an oriented S2-bundles over a
Riemann surface Σg of genus g ≥ 0 (there exist up to diffeomorphism two such
ruled surfaces for every genus g. The ruled surface is called irrational if g ≥ 1.)
We can then prove the following:
Proposition 3.4. Let M be a smooth 4-manifold. Assume that b+
2
(M) = 1,
b−
2
(M) ≤ 9, b1(M) = 0 and M is not diffeomorphic to a rational surface. If
M admits a symplectic form, then M satisfies property (∗).
Remark 3.5. In this situation, the assumption b−
2
(M) ≤ 9 is equivalent to K2 ≥
0, where K denotes the canonical class of the symplectic form, because K2 =
2χ(M) + 3sign(M).
For the proof recall the following theorem of Liu [20, Theorem B] (slightly
adapted to make the statement more precise):
Theorem 3.6 (Liu). LetM be a symplectic 4-manifold with b+
2
(M) = 1. IfK ·ω <
0, then M must be either rational or (a blow-up of) an irrational ruled 4-manifold.
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We also need an adjunction inequality of Li and Liu [19, p. 467]:
Theorem 3.7 (Li-Liu). Suppose M is a symplectic 4-manifold with b+
2
(M) = 1
and ω is the symplectic form. Let C be a smooth, connected, embedded surface
with non-negative self-intersection. If [C] · ω > 0, then the genus of C satisfies
2g(C) − 2 ≥ K · [C] + [C]2.
We have the following general light cone lemma, compare with [19, Lemma
2.6]:
Lemma 3.8. Let M be a 4-manifold with b+
2
(M) = 1. The forward cone is one of
the two connected components of {a ∈ H2(M ;R) | a2 > 0}. Then the following
holds for all elements a, b ∈ H2(M ;R):
(a) If a is in the forward cone and b in the closure of the forward cone with
b 6= 0, then a · b > 0.
(b) If a and b are in the closure of the forward cone, then a · b ≥ 0.
(c) If a is in the forward cone and b satisfies b2 ≥ 0 and a · b ≥ 0, then b is in
the closure of the forward cone.
Proof. With respect to a suitable basis of the vector space H2(M ;R) we have
a · b = a0b0 −
∑
aibi where the elements a in the forward cone satisfy a0 > 0.
Then (a) and (b) follow by applying the Cauchy-Schwarz inequality:∑
aibi ≤
√∑
a2i
√∑
b2i .
For (c) assume by contradiction b0 < 0. Then the vector −b is in the closure of the
forward cone, so (a) implies a · (−b) > 0 and hence a · b < 0, a contradiction. 
We can now prove Proposition 3.4:
Proof. Let the forward cone be defined by the class of ω. Our assumptions together
with Theorem 3.6 and Lemma 3.8 imply that the canonical class K is in the closure
of the forward cone. Suppose that the class [S] of a sphere S satisfies [S] 6= 0 and
[S]2 ≥ 0. Choose the orientation on S such that [S] is in the closure of the forward
cone. By Lemma 3.8, [S] · ω > 0. Then Theorem 3.7 applies and shows that
−2 ≥ K · [S] + [S]2. However, Lemma 3.8 implies that K · [S] ≥ 0. This is a
contradiction. 
We conjecture the following:
Conjecture 3.9. LetM be a smooth 4-manifold. Assume that b+
2
(M) = 1, b−
2
(M) ≤
9, H1(M ;Z) = 0 and M has non-trivial small perturbation Seiberg-Witten invari-
ants. Then M satisfies property (∗).
For a definition of the small perturbation Seiberg-Witten invariants see [27].
4. THE MAIN COROLLARY FOR SMOOTH ACTIONS
Recall that an oriented 4-manifold is called (smoothly) minimal if it does not
contain smoothly embedded spheres of self-intersection −1.
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Corollary 4.1. Let the group Zp act homologically trivially and smoothly on a
simply-connected, smooth 4-manifold M that satisfies property (∗). Then
n ≤
pχ(M)− c21(M)
3(p − 1)
.
If in addition M is smoothly minimal, then
n ≤
pχ(M)− c21(M)
2(2p − 1)
.
Independently of c21(M) we have in these cases the bounds
n <
χ(M)
3
(
1 +
2
p− 1
)
and
n <
χ(M)
4
(
1 +
3
2p − 1
)
,
respectively.
Proof. If the action is smooth, then every sphere in F is smoothly embedded [5,
p. 309]. The first claim follows with Theorem 2.5, since [S]2 ≤ −1 for every
embedded sphere S representing a non-zero homology class if M satisfies property
(∗). If M is smoothly minimal, spheres of self-intersection −1 do not exist in M ,
hence [S]2 ≤ −2. 
This improves the a priori bound n ≤ 1
2
χ(M) by a factor of approximately 2
3
and 1
2
, at least for large p.
Example 4.2. Let M = E(k)a,b be a simply-connected, minimal elliptic surface
with multiple fibres of coprime indices a, b. Assume that either k ≥ 2, or k = 1
and both a, b 6= 1. Then M is smoothly minimal, symplectic and irrational and
thus satisfies property (∗). We have c21(M) = 0 and χ(M) = 12k. Therefore
n ≤ 3k
(
1 +
1
2p − 1
)
.
This rules out some of the possible Z3-actions on elliptic surfaces in [18].
5. THE CASE n < 0: NON-EXISTENCE OF ACTIONS
Since the integer n has to be non-negative if an action exists, we get:
Proposition 5.1. Let the group Zp act homologically trivially on a simply-connected
4-manifold M . Suppose that all spheres S in the fixed point set of the action satisfy
an a priori bound [S]2 ≤ s < 0 for some integer s. Then
pχ(M) ≥ c21(M).
Corollary 5.2. Let the group Zp act homologically trivially and smoothly on a
simply-connected, smooth 4-manifold M that satisfies property (∗). If p = 2, then
sign(M) ≤ 0. If p = 3, then c21(M) ≤ 3χ(M).
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Remark 5.3. Ruberman [25] has shown that if Z2 acts homologically trivially and
locally linearly on a simply-connected spin 4-manifold, then sign(M) = 0. The
first part of Corollary 5.2 is a partial extension of this result to smooth Z2-actions
on non-spin 4-manifolds. Regarding the second statement, it is not known if there
exist simply-connected, smooth 4-manifolds with non-trivial Seiberg-Witten invari-
ants and c21(M) > 3χ(M) (for more on this question see [12, Section 10.3]). Note
that any simply-connected 4-manifold satisfies a priori c21(M) < 5χ(M).
A non-singular, odd, integral, bilinear form Q on a finitely generated free abelian
group V is said to have characteristic signature if there exists an indivisible char-
acteristic element v ∈ V such that v · v = sign(Q). The intersection forms of
smooth, simply-connected, non-spin 4-manifolds are direct sums of copies of the
forms (+1) and (−1) (this is clear in the indefinite case and follows in the definite
case by Donaldson’s theorem [8]) and hence are always characteristic. The next
theorem of Edmonds then follows from [10, Corollary 11]:
Theorem 5.4 (Edmonds). Every smooth, simply-connected, non-spin 4-manifold
M admits a homologically trivial, locally linear involution whose fixed point set
consists of a single sphere S with [S]2 = sign(M) and a collection of isolated
points.
By contrast, the following corollary is implied by Corollary 5.2:
Corollary 5.5. Let M be a smooth, simply-connected 4-manifold M that satisfies
property (∗) and has positive signature. Then M does not admit a homologically
trivial, smooth involution.
This corollary is relevant only if M is non-spin because of Ruberman’s theorem.
Example 5.6. Let M be a simply-connected, complex algebraic surface of general
type and positive signature with b+
2
(M) > 1 (see e.g. [24] and the references
therein for the construction of such surfaces). Then M satisfies property (∗) by
Proposition 3.3 and the non-triviality of the Seiberg-Witten invariants for surfaces
of general type [29]. Hence M does not admit a homologically trivial, smooth Z2-
action. However, ifM is non-spin (for example, if M is a blow-up of a spin surface
of general type), then it admits a homologically trivial, locally linear Z2-action by
Theorem 5.4 of Edmonds.
We can also prove the following:
Corollary 5.7. Let M be a simply-connected, smooth, minimal 4-manifold with
sign(M) = −1 that satisfies property (∗). ThenM does not admit a homologically
trivial, smooth involution.
Proof. Since defx = 0 for isolated fixed points of involutions, the G-signature
theorem implies for such an action
sign(M) =
n∑
i=1
[Si]
2.
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This cannot be satisfied, because sign(M) = −1 and [Si]2 ≤ −2 under our as-
sumptions. 
Remark 5.8. Note that such a manifold is always non-spin according to Rohlin’s
theorem. The proof of Corollary 5.7 also gives a further explanation for the result
in Corollary 5.5.
6. THE CASE 0 ≤ n < 1: ACTION IS PSEUDOFREE
We can also study the case 0 ≤ n < 1. This will elucidate the situation close to
or on the boundary of the allowed regions given by Proposition 5.1 and Corollary
5.2.
Proposition 6.1. Let the group Zp act homologically trivially on a simply-connected
4-manifold M . Suppose that all spheres S in the fixed point set of the action satisfy
an a priori bound [S]2 ≤ s < 0 for some integer s and that M satisfies
pχ(M)− c21(M) < p(2− s)− (4 + s).
Then n = 0, hence the fixed point set consists only of isolated points, i.e. the action
is pseudofree.
The following is an application to involutions on 4-manifolds with sign(M) =
0:
Corollary 6.2. Let the group Z2 act homologically trivially and smoothly on a
simply-connected, smooth 4-manifold M that satisfies property (∗). Assume that
sign(M) = 0. Then the action is pseudofree. In particular, every smooth, ho-
mologically trivial involution on a simply-connected, smooth, spin 4-manifold that
satisfies property (∗) is pseudofree.
Proof. We have c21(M) = 2χ(M)+3sign(M). We can take s = −1 in Proposition
6.1 and the inequality is 0 < 3, which is true. The second part follows from
Ruberman’s theorem [25] since under these assumptions sign(M) = 0. 
Remark 6.3. Atiyah-Bott [3, Proposition 8.46] have shown that all components
of the fixed point set have the same dimension, so that the fixed point set con-
sists either of isolated fixed points or of a collection of embedded surfaces, if Z2
acts smoothly and orientation-preservingly on a simply-connected spin 4-manifold
(there are generalizations to the locally linear and general case by Edmonds [11,
Corollary 3.3] and Ruberman [25]). Under our additional assumptions that the in-
volution is homologically trivial and M satisfies property (∗) the second case of a
fixed point set of dimension 2 does not occur.
We can prove a similar statement for Z3-actions on 4-manifolds close to or on
the Bogomolov-Miyaoka-Yau line c21(M) = 3χ(M):
Corollary 6.4. Let the group Z3 act homologically trivially and smoothly on a
simply-connected, smooth 4-manifold M that satisfies property (∗). Assume that
either c21(M) = 3χ(M) − l with 0 ≤ l ≤ 4, or M is minimal and c21(M) =
3χ(M)− l with 0 ≤ l ≤ 8. Then the action is pseudofree.
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Proof. The proof is similar to the proof of Corollary 6.2. For Proposition 6.1 to
work, l has to be less than 6 in the first case and less than 10 in the second case. 
Remark 6.5. Note that
l = 3χ(M)− c21(M) = χ(M)− 3sign(M) = 2− 2b
+
2
(M) + 4b−
2
(M)
is always an even number. If b1(M) = 0, the Seiberg-Witten invariants can be non-
zero or M can have a symplectic form only if b+
2
(M) is odd. Then l is divisible by
4. Hence if we want to apply Proposition 3.3 and Proposition 3.4, then l ∈ {0, 4}
in the first case and l ∈ {0, 4, 8} in the second case of Corollary 6.4.
Example 6.6. Let M be a smooth, minimal 4-manifold homeomorphic, but not
diffeomorphic to the manifold CP2#2CP2, cf. [2]. Suppose that M admits a sym-
plectic form ω (such an example for M is constructed in that paper). Then M
satisfies property (∗) according to Proposition 3.4. Hence there does not exist a
smooth, homologically trivial involution on M and every smooth, homologically
trivial Z3-action is pseudofree.
7. ACTIONS ON EXOTIC S2 × S2 AND CP2#CP2
Lemma 7.1. Let Zp, with p ≥ 3 prime, act on M , where M is a 4-manifold
homeomorphic to S2 × S2 or CP2#CP2. Then the action is homologically trivial.
Proof. This follows as in [14, Proposition 5.8] (it follows from Lemma 2.1 in all
cases except p = 3). 
Corollary 7.2. Let Zp act smoothly on M , where M is a smooth, minimal 4-
manifold homeomorphic, but not diffeomorphic to S2 × S2 or CP2#CP2 and sat-
isfying property (∗). If p = 2, assume in addition that the action is homologically
trivial. Then the action is pseudofree.
Proof. We have χ(M) = 4 and c21(M) = 8. Hence the inequality in Proposition
6.1 with s = −2 is
4p− 8 < 4p− 2.
Since this is true, the claim follows. 
Note that every smooth 4-manifold homeomorphic to S2 × S2 is minimal be-
cause its intersection form is even. It is not known if there exist exotic 4-manifolds
homeomorphic, but not diffeomorphic to S2 × S2 or CP2#CP2. The smallest (in
terms of Euler characteristic) known, simply-connected 4-manifold that admits ex-
otic copies is CP2#2CP2, mentioned above in Example 6.6. However, if the trend
for CP2#nCP2 with n ≥ 2 generalizes to even smaller 4-manifolds, it is quite
likely that exotic copies of S2 × S2 or CP2#CP2 exist, at least some of which
could be symplectic, so that Corollary 7.2 applies to them.
Remark 7.3. All statements in this paper remain true (except possibly Theorem
5.4 of Edmonds) if the assumption that M is simply-connected is replaced by
H1(M ;Z) = 0. This follows from [22, Corollary 3.3, Proposition 3.5], since in
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this situation Proposition 2.3 above remains true. The results of Section 7 then ap-
ply to smooth 4-manifolds with the integral cohomology of S2×S2 and CP2#CP
(for example, the symplectic cohomology S2 × S2 constructed in [1]).
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